LOCAL AND GLOBAL WELL-POSEDNESS OF THE STOCHASTIC 

KDV-BURGERS EQUATION 



GEORDIE RICHARDS 



Abstract. The stochastic PDE known as the Kardar-Parisi-Zhang equation 
(KPZ) has been proposed as a model for a randomly growing interface. This equa- 
tion can be reformulated as a stochastic Burgers equation. We study a stochastic 
KdV-Burgcrs equation as a toy model for this stochastic Burgers equation. Both 
of these equations formally preserve spatial white noise. We are interested in rigor- 
ously proving the invariance of white noise for the stochastic KdV-Burgers equation. 
This paper establishes a result in this direction. After smoothing the additive noise 
(by less than one spatial derivative), we establish (almost sure) local well-posedness 
of the stochastic KdV-Burgers equation with white noise as initial data. We also 
prove a global well-posedness result under an additional smoothing of the noise. 
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1. Introduction 

In this paper we study the stochastic Korteweg-de Vries (KdV) Burgers equation 
du = (u xx — u xxx — (u 2 ) x )dt + 4>d x dW, t > 0, x G T 



u \t=o = 



1.1 



where is a bounded operator on L 2 (T), and W(t,x) is a cylindrical white noise of 
the form 

W{t,x) = Y,B n {t)e inx . (1.2) 

Here (B n (t)) ne ^ is a family of standard complex- valued Brownian motions mutually 
independent in a filtered probability space (Q, J 7 , (J r t)t>o, P), and B_„ = B n , since 
we are interested in real- valued noise. 

We consider (11. ip as a toy model for the stochastic Burgers equation 

du = (u xx - [u 2 ) x )dt + d x dW, t > 0, x G T, 



u\ t=Q = u Q . 



;i.3) 



The equation (II .3p is a reformulation of the Kardar-Parisi-Zhang equation (KPZ). 
That is, letting u = d x h, u satisfies (I1.3P if and only if h satisfies KPZ, given by 

dh = (h xx + ^{h x ) 2 )dt + dW, t > 0, x G T. (1.4) 

The equation (jl.4p was introduced [T4j to model the fluctuations (over long scales) 
of a growing interface. For example, h(t, x) could describe the height of an inter- 
face between regions of opposite polarity inside a ferromagnet subject to an external 
magnetic field. Mathematical interest in (11.41) is motivated by evidence that second 
order dependence on the derivative d x h (over long scales) is universal - that is, inde- 
pendent of the microscopic dynamics - within a certain class of growth models [13]. 
This is verified mathematically in Bertini-Giacomin [1] for a specific growth model; 
they obtain (II. 4p as the limit equation of a suitable particle system. 

1.1. Background. By local well-posedness (LWP) of a stochastic PDE we mean 
pathwise LWP almost surely. That is, for almost every fixed u G Q, the corresponding 
PDE is LWP. Similarly, global well-posedness (GWP) of a stochastic PDE will be 
defined as pathwise GWP almost surely. 

Well-posedness of (jl.3p (and (11.41) ) is an open problem. Along this direction, previ- 
ous studies have considered modified equations. One strategy is to solve a stochastic 
heat equation which is formally equivalent to f ll.4j) under the Hopf-Cole transforma- 
tion, as in Krug-Spohn [T3]. Another strategy is to modify the stochastic Burgers 
equation (II .3p directly. For example, Da Prato-Debussche-Temam [7] considered 
(11.31) without the spatial derivative d x applied the noise. That is, they smoothed the 
additive noise by one derivative in space. Then, they established local (and global) 
well-posedness using a fixed point theorem. Our approach is closer to this strategy, 
but we modify the linear part of (I1.3P instead. By including —u xxx in (11.31) . we obtain 
(ITU (with = Id). 
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With (p = Id, the equations (jl.ip and (11.31) share a physically significant property; 
both of these equations formally preserve mean zero spatial white noise. Mean zero 
spatial white noise is the unique probability measure /i on the space of mean zero 
distributions on T satisfying 



for any mean zero smooth function A on T. Here || ■ ||| = (•, •) denotes the L 2 (T,dx) 
norm defined through the T>-T>' duality. From now on, we assume that the spatial 
mean is always zero, and omit the prefix "mean zero" . Let {e n }„ g N be an orthonormal 
basis of smooth functions in L 2 (T). Then white noise is represented as u = ^2^ =1 g n ^n, 
where {g n }neN is a sequence of independent Gaussian random variables with mean 
zero and variance 1. In particular, white noise is supported in H S (T) for any s < — |. 

It is important for us to clarify that our analysis involves two distinct types of 
noise. In the equation f ll.ip . the term W(t,x) represents space-time white noise, as 
defined in (11.21) . Separately, we have just defined spatial white noise, a probability 
measure supported on H S (T) for any s < — |, represented as u = Y^m=i9n e n- While 
space-time white noise is a term in our stochastic PDE, we will consider spatial white 
noise as initial data. 

Recall that if / : X\ — > X 2 is a measurable map between metric spaces and /i is 
a probability measure on (X\, B(Xi)), then the pushforward /*// is the measure on 
X 2 given by f*fi(A) = n({x : f(x) G A}) for any Borel set A e B(X 2 ). For s < -|, 
the flow map St '■ H S (T) — > H S (T) of a stochastic PDE preserves white noise (or 
equivalently, white noise is invariant under the flow) if S*/i = \i for each time t > 0. 

In pQ, the invariance of white noise is rigorously proven for a stochastic process 
which is formally a solution to (II. 3p through the Hopf-Cole transformation; this is how 
we interpret the formal invariance of white noise for (II. 3p . In the appendix, we present 
a formal proof of white noise invariance for fll.ip . This is based on decomposing (II. ip 
into the KdV equation, plus a rescaled Ornstein-Uhlenbeck process at each spatial 
frequency; each of these evolutions individually preserve white noise. Indeed for the 
KdV equation, the invariance of white noise has been proven rigorously; see Quastel- 
VaUrojSD], Oh-Quastel-Valko[IS] and Oh [TS]. 

The common feature of (formal) white noise invariance motivates our study of fll.ip 
as a toy model for (II. 3p . We are interested in rigorously proving the invariance of 
white noise for fll.ip . Our main result is a step in this direction (see Theorem 11.11 
and Corollary ll.ip . 

1.2. Fixed point approach. We will solve (II. ip in the mild formulation 




(1.5) 



u(t) = S(t)uo 



2 1 \ / **» \ \ / / 'I 

Jo Jo 



[ S(t-t')d x (u 2 (t'))dt' + [ S(t-t')(j)d x dW{t'). (1.6) 



In the equation (II. 6p . S(t)uo denotes the solution to the linear KdV-Burgers equation 
with initial data uo evaluated at time t, suitably extended to all t 6 R. That is, 
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S(t)u (n) = e n2 l*l +m3 *^(n) for any t G R, n G Z. To simplify notation, we let 

: = / S(t-lf)<f>d x dW(lf). 
Jo 

The function = $ w (t) is referred to as the stochastic convolution. 

Our analysis will take place in the X s,b space of functions of space-time adapted 
to the (linear) KdV-Burgers equation. As in [16], for s, b G R, the X s,b space is a 
weighted Sobolev space whose norm is given by 

|| M || X ., 6 =( f ^(n) 2s (i(T-n*)+n 2 ) 2b \u{n,T)\ 2 dT 

Recall that (■) := (1 + | ■ | 2 )^. The time restricted X^ b space is defined with the norm 
\\u\\ x s,b = inf { \\v\\ X ;b : v G X s ' 6 and v(t) = u(t) for t G [0,T]}. 

We define the local-in-time version Xj' b = -X^u on an interval / = [a, b] in an 
analogous way. 

The X s ' 6 spaces were used by Bourgain [2] to study the NLS and KdV equations. 
Bourgain established LWP of KdV in L 2 (T) using a fixed point theorem in the X s,b 
space (adapted to KdV). He automatically obtained GWP by invariance of the L 2 (T) 
norm. This was improved to LWP in if~2 + (T) by Kenig- Ponce- Vega [15], and the 
corresponding global result was obtained by Colliander-Keel-Staffilani-Takaoka-Tao 
[I] using the I- method (they also obtained GWP at the endpoint s = — §). These 
(local-in-time) results are based primarily on bilinear estimates in (sometimes modi- 
fied) X s,b spaces. For example, in [15], the estimate 

ll^x(wf )||x s . fc - 1 — \\ u \\x s - b \\ v \\x s ' b (1-7) 

is established for s > — |, b = ~. This estimate is then used to prove LWP of KdV 
with a fixed point method. 

It is also shown in [15] that (11.71) fails ifs<— ~, or&<~. That is, the bilinear 
X s ' b estimate used for well-posedness of KdV requires spatial regularity s > — \ and 
temporal regularity b > |. In a related result, it is shown in [3] that the data to 
solution map u G H S {T) i — > u{t) G H S (T) for KdV is not C 3 for s < -\. This 
indicates that there is no hope in using a fixed point theorem to establish well- 
posedness of KdV in H S (T) for s < — |; fixed point theorems guarantee analyticity 
of the data to solution map. Kappeler-Topalov [12] established GWP of KdV in 
i/ _1 (T) using the inverse scattering technique, but the data to solution map is merely 
continuous. In a separate result, Dix pi)] established ill-posedness of the deterministic 
Burgers equation in H S (R) for s < — | due to a lack of uniqueness. We observe that, 
for both the deterministic KdV and the deterministic Burgers equation, s = — | is 
the optimal regularity for well-posedness in H s via the fixed point method. 

The barrier of s = — | is not present in the analysis of the deterministic KdV- 
Burgers equation ( fll.ip with = 0). See, for example, Molinet-Ribaud [16J and 
Molinet-Vento [17] . In particular, LWP of the KdV-Burgers equation in if -1 (T) is 
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established in [T7] using a fixed point method; the data to solution map is analytic. 
Moreover, in [IB], an estimate of the form (11.71) is established for any s > —1, b = \. In 
this way, the combination of dispersion and dissipation in the KdV-Burgers equation 
allows for an improved bilinear estimate of the form ( j 1.7ft (in particular, with spatial 
regularity s < — |), which yields superior LWP results. 

1.3. Regularity of the noise. Let us now discuss function spaces which capture 
the regularity of space-time white noise. Spaces of this type were considered in De 
Bouard-Debussche-Tsutsumi [9], and Oh [18], to study the stochastic KdV (with 
additive noise), given by 

du = ( — u xxx - (u 2 ) x )dt + <f)dW, t>0,xeT. (1.8) 

The argument in (9] is based on the result of Roynette [21] on the endpoint regularity 
of Brownian motion in a Besov space. They proved a variant of the bilinear estimate 
(11. 7p adapted to their Besov space setting, establishing LWP of (jl.8p using the fixed 
point method. However, the modified bilinear estimate required a slight regulariza- 
tion of the noise in space via the bounded operator <ft, so that the smoothed noise has 
spatial regularity s > — ~. In particular, they could not treat the case of space-time 
white noise, as written in (II. 8p (i.e. = Id). 

These developments are clarified in [IS] with two observations. The first observa- 
tion is that a certain modified Besov space, and the corresponding X s,b -type space, 
capture the regularity of spatial and space-time white noise, respectively, for s < — \ 
and b < |. The second is that apriori estimates on the second iteration of the mild 
formulation of (I1.8P (in these spaces) are sufficient for LWP of (II. 8p . The condition 
b < \ is dictated by the space-time white noise, highlighting the challenge behind 
proving well-posedness for (jl.8P ; recall that the bilinear X s ' b estimate (ll.7p for KdV 
requires b > ~. 

Notice that the additive noise in (I1.8P lacks the spatial derivative d x appearing in 
(11.31) . Indeed, an endpoint result ([H], in terms of roughness of the noise using a fixed 
point method) for the stochastic KdV incorporates noise which is a full derivative 
smoother than the noise in (ll.3p . In a similar way, the noise considered in [7] is a full 
derivative smoother than the noise appearing in (II. 3p . 

1.4. Results. The main result of this paper is LWP of (II. ip with a rougher additive 
noise than in [3 [18] (Theorem II. ip . We exploit the combination of dispersion and 
dissipation in (the linear part of) (II. ip to relax the conditions placed on the noise 
in previous analyses of the stochastic Burgers equation [7J (dissipation only) and the 
stochastic KdV [18] (dispersion only). This result holds (almost surely) with spatial 
white noise as initial data; it is a first step towards a rigorous proof of the white 
noise invariance for (II. ip . Indeed, to prove the white noise invariance, one must 
first establish well-defined dynamics (almost surely) for (II. ip in the support of white 
noise. The combination of dispersion and dissipation in the KdV-Burgers propagator 
helps our analysis in the following way: we can establish a bilinear estimate of the 
form (I1.7P (see Proposition 12. 31 below) in the X^ b space adapted to the KdV-Burgers 
equation, with s < — \ and b < \ (recall that for the X£ space adapted to the 
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KdV equation, this requires s > — \ and b > |). Taking s < — |, we can treat 
white noise as initial data. With b < |, the X^ space captures the regularity of the 
space-time white noise. That is, the stochastic convolution $(£) is almost surely an 
element of X^ , under appropriate conditions on (see Proposition |2.4p . Finally, the 
dissipative semigroup has a smoothing effect in space, and the conditions imposed on 
by Proposition 12.41 allow for a rougher space-time noise than in [TJ HE] . Specifically, 
we can relax the smoothing of the noise to s + 2b + | = y|+ < 1 spatial derivatives. 

We pause to introduce some notation. Let us discuss the technical conditions 
imposed on the smoothing operator 0. For our purposes, is assumed to be a 
Hilbert-Schmidt operator from L 2 (T) to H S (T) (written G HS(L 2 ; H s )) for some 
s G R. The space HS(L 2 ; H s ) is endowed with its natural norm 



||0||H5(L 2 ;^) = 




where (e n ) ng N is any complete orthonormal system in L 2 (T). We will further assume 
that is a convolution operator. That is, for any function / on T, and any jiGZ, 
we have 

(0?)(n)=0„/(n), (1.9) 

for some n G R. For example, in [7], they consider = d~ l , which corresponds 
to 4>n — i for each n. Using the standard Fourier basis for L 2 (T), we find that for 
convolution operators 0, we have \\4>\\hs{l 2 ;H s ) = (2~2n( n ) 2s \ ( l ) n\ 2 ) 1 ^ 2 = 11011^ (with a 
slight abuse of notation). The point to take away is that by placing G HS(L 2 , H s ), 
we are smoothing the additive noise in (11. ip by s + ~ spatial derivatives. 

Other notation we will use includes aAb:= min(a, b) and a V b := max(a, b). Also, 
we will use u to denote the Fourier transform in space, and u to denote the space-time 
Fourier transform. 

1.5. Statement of Theorems. Here is the first result we obtain. 

Theorem 1.1 (Local well-posedness). Given < e < let s > —\ — e . Suppose 
G HS{L 2 - H s+1 - 2e ) of the form (TO]) . Then (TUD is LWP in H S (T) for mean zero 
data. That is, if Uq G H s {T) has mean zero, there exists a stopping time T w > and 
a unique process u G C([0, Tj\] H S {T)) satisfying (II. ip on [0,21,] almost surely. 

With e = i- and s = -~ - e < -|, we have s + 1 - 2e = Then = d x 1 16 
satisfies G HS(L 2 , Hts + ), as required to apply Theorem ll.il With this choice of 0, 
we have smoothed the noise in ( 11. 1ft by y|+ spatial derivatives. In contrast, the space- 
time noise in [7] is smoothed out by a full derivative in space (by taking = d~ x ). 
Recall that spatial white noise is represented as« = Z^ n 9n e n £ H S (T) almost surely 
for s < — |. It follows that Theorem 11.11 applies almost surely with initial data given 
by spatial white noise. We have arrived at a consequence of Theorem 11.11 worth 
mentioning. 
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Corollary 1.1. Let <\> = d x 16 , then (II .ip almost surely LWP with spatial white 
noise as initial data. 

After proving Theorem 11.11 we establish global well-posedness of (11.11) with a 
smoothed noise. 

Theorem 1.2 (Global well-posedness). Let G HS(L 2 ; H l ). Then ([II]) is GWP in 

L 2 {T) for mean zero data. That is, if Uq G L 2 {T) has mean zero, then for any T > 
there is a unique process u G C([0, T\\ L 2 (T)) satisfying (11.11) on [0, T] almost surely. 

This paper is organized as follows. In Section [2] we present local well-posedness 
(Theorem II. ID . In Section [3] we present global well-posedness (Theorem 11.21) . In the 
appendix, Section HJ we include a formal proof of white noise invariance for (II. ip . 
followed by the proofs of Propositions (12.31 and 13. II) . which are the longest and most 
technical proofs appearing in the paper. 

2. Local well-posedness 

In this Section we prove Theorem 11.11 For each fixed u G f2, we will prove LWP 
using the Fourier restriction norm method. More precisely, we will prove that the 
solution of ( II. 6p is almost surely the unique fixed point of a contraction on S(t)uo + 
$(£) + B, where B is the unit ball in the space of space-time functions (adapted 
to the KdV-Burgers equation), for a stopping time T u > 0, and suitable s,kK. 

2.1. Local estimates. The proof of Theorem 11.11 will require five key Propositions, 
and a lemma, concerning the X^ b spaces. In this subsection we present these Propo- 
sitions (and lemmata). 

Proposition 2.1 (Molinet-Ribaud [16], Linear estimate). For any s G M 7 

||S(t)0|| i < ||0||^ (T) , 

for allcpe H S (T). 

Proposition 2.2 (Molinet-Ribaud [IB] . Non-homogeneous linear estimate). For any 

s G R, 7 > 0, 

S(t - t')v{t')dt' 



o 



for all v G X"' ~ 



T 



Propositions 12.11 and 12.21 are both established in [TBI Propositions 2.1 and 2.3]. We 
will prove the following bilinear estimate. 

Proposition 2.3 (Bilinear estimate). For any 0<e<-^,ifs> — | — e, < 7 < e, 

we have the following estimate 

||(wgi x ,,-i +7 < IMI x s,i-eNl x ^-e (2.1) 
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for all «, v G X^ 2 

The novelty of Proposition 12. 31 is the use of temporal regularity b = | — e < | (on the 
right-hand side). Recall that for the X s,b space adapted to the KdV equation, this 
estimate requires b > |. This modification relies on the combination of dispersion 
and dissipation in the KdV-Burgers propagator. Specifically, we will benefit from 
the algebraic identity identified of Bourgain for the KdV equation, max(r — n 3 , T\ — 
n\, Ti~ n 3 ,) > rm 1 ra 2 (dispersion), but we will also exploit the lower bound on the KdV- 
Burgers weight — n 3 ) + n 2 \ > n| (dissipation) nearby the dispersive hypersurface 
Tj = rij. The proof of Proposition 12.31 is included in the appendix. 

Our fixed point argument will take place on a unit ball in X^ b centered at 
S(t)uo + $(£), an d thus we will require that S(t)uo + $(£) G X^ b , almost surely. 
The linear evolution S(t)uo lives in X^ b according to Proposition 12.11 To show that 
the stochastic convolution $(t) is almost surely an element of X^ b , we compute 

Proposition 2.4 (Stochastic convolution estimate). Let <p G HS(L 2 ; H s+2b ) of the 
form f 1 1 . ffi) . Given b < | and T > 0, we have 

E(p||^)<T||0|| 2 HS+2b . 



According to Proposition I2.4[ if G HS(L S , H s+2b ), then $(t) G X^' almost surely. 
Recall that placing G HS(L S , H s+2b ) corresponds to smoothing the additive noise 
in (11.11) by s + 2b + | spatial derivatives. The primary observation of this paper is 
that, with the combination of dispersion and dissipation, we can obtain the bilinear 
estimate needed for well-posedness of the KdV-Burgers equation (Proposition 12.31) in 



a function space {X^ b ) with the regularity of white noise in space (s < — |) and low 
regularity in time (6 < |). Then, using Proposition 12. 4[ we can prove LWP of (II. ip 
with <p G HS(L 2 , H s+2b ), and we have smoothed the additive noise by s + 2b + | < 1 
spatial derivatives. The proof of Proposition 12.41 is found in the next subsection. 

Using b < | requires that we justify continuity of the solution with a separate 
argument (it is not automatic from the fixed point method). To establish continuity 
of the nonlinear part of the solution, we appeal to the following Proposition of [16]. 

Proposition 2.5 (Molinet-Ribaud [16], Continuity of the Duhamel map). Let sGB 

and 7 > 0. For all f G X s ^^, 

t^ [ S{t-t')f(t')dt' eC(R + ,H s+2 ~ / ). (2.2) 
Jo 

Moreover, if {f n } is a sequence with f n — > in X s, ^ +1 as n — > oo, then 



S(t-t')f n (t')dt' 



Z,°°(R + ,iT s + 2 T) 



(2.3) 



as n — >■ oo. 
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For continuity of the stochastic convolution, we use a probabilistic argument to es- 
tablish the following Proposition. 

Proposition 2.6 (Continuity of the stochastic convolution). Let <p G HS(L 2 , H s+2a ) 
of the form (TO]), for some a G (0, 1/2). Then for any T > 0, $ G C([0, T];H S (T)) 
almost surely. 

The proof of Proposition 12.61 can be found in the next subsection. The proof of 
Theorem II .11 will also require the following Lemma concerning the X^ b spaces, which 
allows us to gain a small power of T by raising the temporal exponent b. 

Lemma 2.7. Let < b < \, s G R, then 



\u\ 



The proof of Lemma 12.71 will be included in this subsection. Before beginning this 
proof, we recall the following property of the X^ b spaces, to be exploited throughout 
this paper. For any b < ~, letting X[o,t] denote the characteristic function of the 
interval [0,T], we have 



u 



X 



a.* ~ IIX[0,T]W||jO>>f>- 



(2.4) 



We proceed with the justification of (|2.4p . First, we show that ||tt|| xS ,b < ||X[o,t]^||x s .<>- 

From the definition of the X^ b norm, and the fact that u = X\o,T\ u on IP> T], it suffices 
to demonstrate that, for b < |, if u G X s ' b then X[o,t] u G X s ' b . We find 

||X[o,xHU^ = ll(^) s («( r -^ 3 ) + ^ 2 ) fe (X[o,T]M)~(^,i")||L2 iT 



(n} s (r-n 3 } 6 ( X[ o )T ]^)~(n,r)|U2 



+ ll<™) s+2 W]^)>^)lk 



(2.5) 



Using boundedness of multiplication by a cutoff function in H\ for b < |, we have 



(n) s (r-n 3 ) b (x[o,T]M)~(«,r) 



< 



< 



e ita 'x[o,r]«||if|^ 



X[0,T]< 
— itd 3 I 

e 1 ii 



ml 



u 



(ny(T-n 3 } b u(n,T)\\ LlT 
(n) s (z(r-n 3 )+n 2 )^(n,r)|| LiT 



u \\x s > h - 



(2.6) 



Then, by Plancherel, 



^) s+2b (X[o,T]«)~(n,r)|| L , T = ||(n)^ X[0iT] «(n,t)|| L , 



+26, 



T 2 



< \\(n) s+2b u(n, 
= \\(ny+ 2b u(n,T)\\ LlT 

< \\u\\xs,b. 



(2.7) 
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Combining (j2T5]l . fl2^|) and (ETTjl . we have 

||X[o,r|«IU«.» ^ Mix-.*- 

To prove (12 .4p . it remains to justify that ||w|| xS ,i, > H^ti^Hx 8 . 6 - Let w G X^' 6 satisfy 
io = it on [0, T]. Then we have 

Hxio.rjttlU".* = IIX[o,T]w|| x ^ < IIHU«- 6 > 

by the argument above. Thus ||ty||x s > ! ' > ||X[o,T]w||x s . b f° r ah w such that w = u 
on [0,T], and > Hxp.TiwIlxs. 6 follows from the definition of X^ b . Having 

established (12 .4p . we proceed with the proof of Lemma 12771 



Proof of Lemma \2. 1\ Letting v = X[o,t]U, by interpolation, we have 

lkll^<||^||^ 2 o 6 |k||^. (2.8) 
Next recall that X\ox\(t) = Txj^](Tr), which gives 

We can therefore gain a positive power of T as long as q > 1. Let w G X s,b be any 
function such that w = u on [0, T\. For fixed n, we apply the Young and Holder 
inequalities to find 

\\v(n } T)\\ L 2 = \\x^]*w(n,r)\\ L 2 

< \\xm]\\L 2 T -\\w(n,T)\\ L i + 
<T^||(z(r-n 3 )+n 2 )^|| L?+ 

\\(i(r - n 3 ) + n 2 )^w(n,r)\\ L 2 

< t\~ (I (i(r - r?) + n 2 )^(n, r) || L? . 

This gives 

IMU*° <T*-\v\ x .,\- (2-9) 
Combining ([H]), ([21]) and (1279]) . 



for every u> G X s - b such that w = u on [0,T]. Lemma [2.71 follows from the definition 
ofX^. □ 

The remainder of this Section is organized as follows. In the next subsection we 
present the proofs of Propositions 12 .41 and 12.61 Then, in subsection 2.3, we will prove 
Theorem 11.11 using Propositions 12.11 - 12. 6[ and Lemma [2.71 
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2.2. Stochastic convolution estimates. In this subsection we present the proofs 
of Propositions 12.41 and 12.61 These Propositions provide estimates on the stochastic 
convolution to be used in the proof of Theorem 11.11 (in the next subsection). In 
particular, we will use Propositions 12 .41 and 12. 61 to prove the existence and continuity 
of solutions to (11. ip . respectively. 

Proof of Proposition 2.4 Using (12 .4p . b < ~, and the Stochastic Fubini Theorem, we 
compute that 

-t 

S(t-t')0d x dW(t')\\ xS , b 



< 



X[o,T](t) / S(t-t')<pd x dW(t')\\ Xs , b 
Jo 

X[0 ,T\(t) [ S(t-t') X [o,T\(t')4>d x dW(t')\\ Xs , b 
Jo 

X[0,oo)(t) / S(t-t') X[ O,T](t')0d x dW(t')\\ xs , b 



\n<j) n \(n} s (t(T-n d )+n 2 } b / X [o,t] 



, (*') ( e- itT e- n2{ t- e) j n3{ t- e) di) dB n (t') 



+ ^ So T ( r e ~ U ' e ~ n2{t ' t,)e ~ m3t ' dt ) dB ^') k, f > 



\n(f) n \(n) s (ir 



where, for each fixed n, we have taken r = r — n 3 . Now we find, for each n, 



1 



e -itf e -nH 



-it — rr 



in v —it r 



t=oo 

J t=t> 



ir + n 2 

Then, bringing the expectation inside, and applying the Ito isometry, 



E(|| J S{t-t')(j)d x dW{t 

n 
n 



2s n 2 \6 n \ 2 



2s n 2 \6J 2 



(if + n 2 ) 2b E 



-oo 
oo 



1 



ir + n 2 



e- w " t 'e- u " r )dB n (t')\ 2 )df 



2s n 2 \6J 2 



(if + n 2 ) 2h 
00 (if + n 2 ) 2b 



T 



f 2 + n A 



dt' ) df 



f 2 + n 4 



dr 



/CO 1 
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~T\\<i>\\ 2 Hs+2b , for6<^ 
Proof of Proposition \2.b\ From the identity 

* 7T 

(t - t') a ~\t' - r)- a dt' = — — 

sin7ro; 

for a 6 (0, 1/2), < r < t' < t. Letting 

ft' 



□ 



Y(t') = [ S{t' - r)(t' - r)- a <f)d x dW{r), 
Jo 



we find 
sin '" 



/ S(t-t')(t-tT~ l Y(t')dt' 
n Jo 



71 



S(t - t')(t - t')^ 1 ( ! S(t' - r)(t' - r)- a (j)d x dW(r))dt' 



S(t-r)( I (t-t'y- 1 ^' -r)- a dt')(j)d x dW{r) (2.10) 

t 

S(t - r)(j)d x dW{r) 



o 



= *(*)• 

We have obtained ( 12. 10}) from 



S(t-r) = S(t-t')S(t' -r) 
for r < t' <t. Next we will use the following Lemma from [6j Lemma 2.7]: 
Lemma 2.8. Let T > 0, a G (0,1/2), and m > ±. For f G L 2m ([0, T]\ H"(T)), let 

F{t)= [ S(t-t')(t-t') a - l f(t')dt', 0<t<T. 
Jo 

Then F G C([0, T]; H S (T)). Moreover 3C = C(m,T) such that 

\\F(t)\\ H s(T) < C\\f\\ L 2mqp tT \. H .(X)y 

The proof of Lemma 12.81 only requires boundedness of 

M T = sup \\S(t)\\ H .^H' 
te[o,T] 

= sup sup \\S(t)f\\ H s 

t£[0,T] 11/11^=1 

1/2 



< 1 



sup sup fV(n) 2s e- 2n2|t| |/(n)| 2 
S[0,T] ||/||„.=i v „ 
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In view of Lemma 12.81 to prove Proposition 12.61 it suffices to show that 

Y{t') G L 2m ([0,T};H s (T)) 
almost surely. Using the Ito isometry, we compute for each n, 



E(|F(?)H| 2 )=E(|^ t e 



1 2„2 



" n ( *'- r V n (i '- r) (t' - r)- a <p n {in)dB n {r)\- 
f 



n / e 



2n V- r \t' -r)~ 2a dr, 



and we find 

-f rn 2 t' 







n 2 t' 

2m -2a. 



u ,_ 0n du 



n 2(l-2a) 

j roc 



e- zu u~ za du 



< 1 



for a < i. This gives 



~ -2(l-2a) ' 



Next we apply the Minkowski integral inequality, with 2m > 2, to find 
E(||y(OII^(i)) =E[(^(n) 2 lf(?)(n)p 



< 

n 



< 



^(n) 2s (E(|r(t')W| 

n 

Z>> 2 '(<«> 

n 

E< n > 



2m 



2_ 2m 

4am I i 1 2m \ 2m \ 2 



2m 



Then 



Thus y(i') G L 2m ([0, T]; fP(T)) almost surely, and the proof of Proposition 
complete. 
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2.3. Proof of Theorem 11.11 We will now proceed with the proof of Theorem 11.11 
using Propositions 12. II - 12.61 and Lemma [2.71 Recall that the proof of Proposition 12.31 
is included in the appendix. 

Proof of Theorem As stated in the beginning of this Section, we will prove that 
the solution u to (jl.6p is almost surely the unique fixed point of a contraction on 
S(t)uo + + B, where B is the unit ball in the space X^ of space-time functions 
(adapted to the KdV-Burgers equation), for a stopping time T w > 0, and suitable 
s, b G R. This begins by reexpressing (II. 6p in terms of the nonlinear part of the 
solution. That is, letting z(t) := S(t)u , we can rewrite (jl.6p in terms of v := u— z— $, 



\ f S(t-t')d x ((v + z + ^) 2 (t'))dt' 
1 Jo 



2 

=: T(v). (2.11) 

This way, the solution u to (jl.6p is the unique fixed point of the contraction T(u) = 
z + $ + r(w — z — $) on the unit ball in X^ 6 centered at z + $ if and only if t> is the 

unique fixed point of the contraction T(v) on the unit ball in X^ b centered at 0. To 
simplify presentation, we will prove the latter; that T is almost surely a contraction 

on the unit ball in X T ' 2 , for T u > sufficiently small. That is, we will prove that 

s A-e 

there is a stopping time T w , such that, almost surely, T w > 0, and for all m,d6 X t ^ 2 
with IImII „ Hull „ i_, < 1, we have 



\r(v)i M _ e <i, (2.12) 



Xrp 



|i»-r»|| .^<\\\u-v\\ i. (2.13) 



In fact, we will show that for any T > 0, 

l|r(T>)H x .,i- e < CT s -(\\u \\ H s {T) + \\v\\ h _ e + ||X[o,T]$|| x ^- e ) 2 , (2.14) 
||r(u)-r(i;)|| 3> i_ s < CT £ -(\\u \\h°(t) + \\u\\ i_ e + |M| i_ e + ||x[o,T]*|L Sl i- 

Arii \ A T -A 



u-f|| (2.15) 



for some constant C > 0. Then f l2TT2|) and fl2TT3|) will follow from (EHJ) and f l2~T5|) . 

respectively, by taking 

T w := min {t > : 2CT £ - (||u |U.(T) + 2 + ||X[o,r]$H xS ,i- £ ) 2 > l}. (2.16) 



By Proposition 12.41 



E(||$|| 2 3 ,i_J<||0||^ +1 - 2£ <oo, 
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and we have, for any < T < 1, 

\\X[0,T]H x sl-e < 

< C(u>), 

almost surely. In addition, since b < |, Hx^Tj^H^.i-e is almost surely continuous 
with respect to T. It follows that T w > almost surely. Since Hxio.ti^IIx^ is •TV- 
measurable, T w is a stopping time. 

We proceed to justify (I2.14p and (|2.15p . beginning with (I2.14p . By Lemma \2.7\ 
Proposition 12.21 and Proposition 12.31 we have 

TOIL s^<r-\\T(v)\\ 4 

Xrp Xrp 



<T £ -\\d x ({v + z + $) 2 )\\ . i 

X. 



<T £ -\\v+ z +n 2 i 

JCrp 



<T £ -(||t;|L_ s .i_ £ + |U|L_ s .i„ £ + ||$|| i 

X rj, 

2 



~ VII ll^ 3 >2 _e M~Mj f ».2-e 1 II llj^ s .2- e 



T £ -(||t;|| i_ £ + ||^|| ,+|| X[0iT] $|| xS ,i_ £ ) , by <m- (2-17) 



Using Proposition I2.1[ 



z\\ < = ||S , (t)tt || -i e < ||u ||^(t). (2.18) 



ii- v / "11^,2 



2 



Then we have by (I2.17p . 

||r(^)||^l_ e < CT £ -(|| ? I ||^(T) + \H x ^-e + ||X[0,T]$|| xS ,l-e) 

and (12.14ft holds true. 

Turning to ( I2.15p . we apply Lemma [2.71 and Propositions 12. II and 12.31 to find 

||r(«) - T(v) || , =\\\f S{t - t')d x (( u + v + z + <S>)(u- v))dt'\\ , 

T £ -\\ [ S(t-t')d x ((u + v + z + 3>)(u-v))dt'\\ s ,i 



< 

<T e ~\\d x ((u + v + z + $)(u-v))\\ . i 



<T £ [lldl i ff + |M| a i_ F _ + \\z\\ .i ,+ 11$! 



yi l "ii^ 3 .$- e ' ii"iij^ s '7~ e 1 ii~ii^ s 'f _E 1 n " » x »>?- e 
llw — v\\ s i_ £ 

II M^.,, 

T e ~ ( i_ e + ||v|| i_ e + ||« |k s (T) + ||X[0,T]$|L s ,i 

\\u-v\\ ,i_ e , by (El and (EE]). 



Xrp 



This completes the justification of (12.151) . Having proven (I2.14p and (12.151) . (I2.12p 
and (12.131) follow with T = T w from the definition (I2.16p . We conclude that T is 
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almost surely a contraction on the unit ball in X T ' 2 . By the Banach fixed point 

s i_ s 

theorem, there is almost surely a unique solution v G X T ' 2 to (12. lip . Rewriting 
(12. lip in terms of u = z + t> + $, we have proven almost sure local existence of a 
unique solution u to ( 11.61) . 

It remains to establish almost sure continuity of u(t) in H S (T), and almost sure 
continuous dependence on the data. We begin by proving that u G C([0,T]; H S (Y)) 
almost surely. Given that u = z + v + $, it suffices to verify a.s. continuity of z, v 
and $ with separate arguments. Continuity of z{t) = S(t)u Q is trivial. Almost sure 
continuity of 

v = r(v)= [ s(t-t')d x ((z + v + <s>) 2 (t'))dt' 

Jo 

follows from Proposition 12.51 and the following estimate: 

\\d x ((z + v + $) 2 ) || h+1 <\\v + z + $|| 2 , 

< (l + Wff«(T) + C(a;)) 2 

< oo, (2.19) 

almost surely. In the statement (12.191) we have invoked Propositions 12. 1[ 12. 3[ and 12.41 
Finally, almost sure continuity of $ follows from Proposition I2.6[ by witnessing that 
</> G HS(L 2 ; H s+1 ~ 2e ) C HS(L 2 ; H s+2a ), when a > is sufficiently small. 

Having established that u G C([0,T]; H S (T)) almost surely, it remains to justify 
almost sure continuous dependence on the data. Suppose {uq} is a sequence in H S (T) 
converging to some uq. From the dependence of the time of local existence T w > 
on the H S (T) norm of the initial data, it follows that for all n sufficiently large, 
the solutions u n and u to (II. ip with initial data Uq and uq, respectively, both exist 
on a time interval [0, T w \, with > (independent of n). The fixed point method 

S --£ 

guarantees that the solution map u G H S (T) 4ti6 X^J is analytic. In particular, 

we have that u n — > u in X^J 6 . Letting f n = d x ({u n — u){u n + uf), by Proposition 
12. 3[ we have 

11/nlL ..- i+7 = R(K 

— M), 

as n — > oo. Writing 

u n = S(t)v%+ f S{t-t')d x {{u n ) 2 )dt' + 

and 

M = 5(t)w + / s^-t')^ 2 )^' + $(*), 

Jo 



- «)(«" + uj) 



u 



J-UJ 
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t')d x ((u n -u)(u n + u))dt' 
t')d x f(t')dt' 

in C([0, Tj\; H S (Y)) almost surely. We conclude that the data to solution map for 
(11.11) is almost surely continuous. 

Finally, we observe that the same argument can be used, for fixed uq G H s (T), to 

verify that the map $ G X S T }~ £ ^v = v($) G C([0, Tj\\ H S (T)) satisfying ( 12TT1) is 
almost surely continuous. In particular, this confirms that the map u G Q > v = 
v ui £ C([0, Tj; H S (T)) satisfying (12. lip is J-^-measurable, as this is the composition 

of the measurable map u> G Q h- > $ G X^,' 2 £ and the continuous map $ G X^' 2 e !->■ 
v = v(<&) G C([0,T w ]; H S (T)). Writing u = z + v + $, we combine this observation 
with Proposition 12.61 to conclude that the map u£zQ^u = u UJ <E C([0, i? s (T)) 
satisfying (11.61) is J-jl, -measurable. 

In conclusion, there is a stopping time T w > and a unique process it G 
C([0, TJ; -fP(T)) satisfying (II. ip on [0, T u ] almost surely. The proof of Theorem 
11.11 is complete. 

□ 

3. Global well-posedness 

This Section is devoted to the proof of Theorem 11.21 In the first subsection we 
establish apriori bounds on global-in-time solutions to (II. ip which are truncated in 
spatial frequency. In the second subsection we establish the convergence needed for 
the proof of Theorem 11.21 

3.1. Global estimates. Given N > 0, let denote the dirichlet projection to 
= span{e mz |0 < |n| < N}. We consider the frequency truncated stochastic PDE 

du N =[u^ x + u^ x + ¥ N [{{u N f) x ]\dt + ( j ) N d x dW 1 t>0,xeT (31) 
u N {0,x)=v»(x)=F N (u Q (x)) G L\T), 

where <p N = and u = F^u N . We will solve the Duhamel form of (13.11) 

u N = S(t)u$+ [ S(t-t')F N ((u N ) 2 ) x dt' + f S(t-t')<J) N d x dW(t'). (3.2) 
Jo ' Jo 

We will also take 

$ N (t) = [ S(t- t')<f) N d x dW(t') 
Jo 

to denote the frequency truncated stochastic convolution. In this subsection, we 
establish uniform bounds on the solution to (13.11) . Specifically, we establish the 
following Propositions. 



we have by Proposition 12.51 that 

u n -u = [ S(t- 

S(t- 

0. 
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Proposition 3.1. Let u £ H S (T), and £ HS(L 2 (T), H S (T)) of the form f fL9j) . 
For every N > 0, and each T > 0, there is almost surely a unique solution u N (t) to 
(J3J2D for allte [Q,T\. 

The proof of Proposition 13.11 is found in the appendix. Proposition 13. II guarantees 
the global existence of solutions to the frequency truncated stochastic PDE (I3.ip . 
Because it is finite-dimensionsal, this result is (essentially) independent of any con- 
ditions placed on 0; we have taken £ HS(L 2 , H s ) because this is sufficient for our 
purposes throughout this paper. 

Consider initial data u £ L 2 (T), and additive noise smoothed by | spatial deriva- 
tives (that is, consider £ HS(L 2 , H 1 )). We can apply Proposition 13.11 with s — 0, 
since £ HS(L 2 , H 1 ) C HS(L 2 ,L 2 ). We conclude that there is a unique solution 
u N (t) to (13. ip which exists globally in time, almost surely. With the smoothed noise, 
we can establish the following bound on the (expected) growth of the L 2 -norm of the 
solution u N (t). The crucial point is that this bound is independent of N. 

Proposition 3.2. Let u £ L 2 (Y), and £ HS(L 2 (T), H\T)) of the form f TOj) . 
The unique solution u N (t) to (13. ip satisfies 



E 



( sup 11^)11!,) <C, (3.3) 

v 0<t<T 7 



where C = C{TM\\ Ll ,U N \\ m ). 

The proof of Proposition 13.21 will be included in this subsection. We begin with 
some computations and lemmata which will be used in the proofs of Propositions 
13.11 and 13.21 The stochastic PDE (13.11) is a coupled system of SDEs for the Fourier 
coefficients c n (t) of u N (t). For < \n\ < N, we have 

dc n (t) = ({-n 2 - m 3 )c n (t) + (in) ^ c nx (t)c n2 {t)\dt (3.4) 



|rai|<JV 
|n 2 |<7V 
n=«i+n 2 



+ M^)(dB 1 n + tdB 2 n ), 

where (_B^(t)) ngN , (B 2 (t)) n( z^ are families of standard real- valued Brownian motions 
which are mutually independent, and B\ n = B\, B 2 _ n = —B 2 . Decomposing c n (t) = 
a-nit) + ib n (t) into real and imaginary parts, this gives 

da n (t) = ^ - n 2 a n + n 3 b n + Re[(in) ^ c ni (t)c n2 (t)]^dt - n(j) n dB 2 n (3.5) 

|m|<JV 

\n 2 \<N 
n=n\+n2 

db n (t) = ( - n 2 b n - n 3 a n + Im [(in) ^ c m {t)c n2 (t)] ^jdt + n$ n dB\. (3.6) 

|ni|<Af 

\U2\<N 
n=n 1 +ri2 

Letting f(a n , b n ) = a^ + b"^, we have by the Ito formula, (13. 5p . (13. 6p . and the property 
(dB % n ) 2 = dt (for 2 = 1,2 and every n), that 
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df(a n ,b n ) = —(a n ,b n )da n + -^-(a n ,b n )db n + ^[fapi ~ n< PndB 2 n ) 2 + — (n4> n dB]) 2 



= 2a r 



n 2 a n + n 3 b n + Re [(in) ^ c ni (t)c n2 (t)] 



dt 



\m\<N 

\n 2 \<N 
n=n\+n 2 



+ 2b ri 



n 2 b n - n 3 a n + Im[(in) ^ c ni (t)c m (t)] 



dt 



\m\<N 

\n 2 \<N 
n=ni+n2 
>2 , „ - , , D 1 . „2 ,2. 



- n(j) n a n dB n + n<f) n b n dB n + 2n n <it 
-2n 2 (a 2 +^) + J R e [(m)a n ^ c ni (t)c„ 2 (t)] 



|m|<JV 

\n 2 \<N 
n=n\+n 2 



+ Im[(in)b n ^ c m (t)c n2 (t)] + 2n 2 (p 2 n 

\ni\<N 
\n 2 \<N 
n=n\+n 2 

- n<t) n a n dB 2 + n^nbndB^. 



dt 



We have \\u N \\\ 2 = Em<tvK + h l) = E|n|<jv /KA), and therefore 



\n\<N 



= - 2\\u N \\% h + E i?e[(m)a n ^ c ni (t)c n2 (t)] 



|n|<JV 



\ ni \<N 
\n 2 \<N 
n=n\+n 2 



+ Im[[in)b n £ ^(^^(^+211^11^]^ 



|n|<7V 



|ni|<JV 
jn 2 |<iV 
n=ni+ri2 



^ ri(f) n a n dB 2 + ^ n(t) n b n dB l n . 

\n\<N \n\<N 



(3-7) 



Now we compute that for all t, 
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Vc n (t)(m) V c ni (t)c n2 (t)= [ u N (t)F N (d x ((u N )\t)))dx 



\n\<N \m\<N 
\n 2 \<N 
n=n\+n 2 



u»(t)d x ((u»y(t))dx 

- [ d x (u N (t))((u N ) 2 (t))dx 



3 
0. 



\ I d x {{u N f{t))dx 



1 



Then, 



= ife[ c n (t)(in) ^ c ni (t)c n2 (t) 



\n\<N \ni\<N 
\n 2 \<N 

71=711+712 

= 22 Re[(in)a n 2J c ni (t)c n2 (t)] + 2J i?e[ - z(m)6„ 2J c mW c n 2 00] 

|n| <iV \ni\<N \n\<N \m\<N 

\n 2 \<N \n 2 \<N 
n=ni+rt2 n=ni+n 2 

= ^2 Re[(in)a n c ni (t)c n2 (t)] + ^ Jm[(m)6 n ^ c m (t)c n2 (t)]. 

|n.]<2V |m|<jV |n|<JV |m|<Af 

\n 2 \<N \n 2 \<N 
n=n\+n 2 n=n\+n 2 

(3.8) 

Combining flU} and (13T8|) . 

^(11^11^)= [-21^11^+211^11^]^- ^ n(f) n a n dBZ+ ™i> n b n dBl 

\n\<N \n\<N 

(3.9) 

The proof of Proposition 13.21 will be included in this subsection. For the proof of 
Proposition 13.11 consult the appendix. 

Proof of Proposition \3.2l We will use (13.91) to estimate the expected growth of the 
L 2 -norm of the solution u N (t) to (13. ip . That is, for any t > 0, we have by (13. 9p that 

\\u N (t)\\h x -\\u N (0)\\h x = f d{\\u N {t')\\l 2 ) 

Jo 

= -2 [ t \\u N (t')\\% 1 dt' + 2 fu N \\ 2 H1 dt' 
Jo Jo 



J2 n ^ I an(t')dB 2 n (t') + V n<\> n [ b n (t')dBl(t'). 

l„l^*r JO i„l^»r Jo 

(3.10) 



\n\<N u \n\<N 
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Notice that the first term in (13.101) is non-positive. We can drop this term from our 
estimate as long as it is finite. We thus proceed to establish that 

T 

\\u N (t)\\ 2 Al dt < C(uj) <oo, (3.11) 
almost surely. Letting v N = u N — S(t)uQ — $ JV , we have 

< (\\S(t)4\\ x u> + ||^|| x x,o + H^ll^o) 2 . (3.12) 
We compute each term separately. 

II^KH^o ~ f \\s{t)u»\\%dt 

T Jo 

= f J2 \n\ 2 \e- n2t e inH u Q {n)\ 2 dt 

\n\<N,n^0 

V \n\ 2 \u (n)\ 2 f e~ 2n2t dt 
/„ Jo 



\n\<N,n^0 
1 

2 



\ Yl \Mn)\ 2 (l-e~ 2 ^) 



\n\<N,n^0 
,N\\2 



<\K\\k- (3-13) 
Then, using (n 2 ) < (z(r — n 3 ) +n 2 ), Propositions 2 and 3, and the definition of T^^k, 



I iV 1 1 ^ II 7Vi| 

\V || x i,o < \\v ||^o,i 

<T E ~\\u N \\\i . 

II II U, 2 e 



<T £ -\\u N \\ 2 nl 



< oo, (3.14) 



almost surely. Finally, by (a trivial modification of the proof of) Proposition 12.41 
since N 6 HS(L 2 (T), H l (T)) of the form ([L"9| . we have 



E(||^|lix,o) ~ II^IH, < oo, 



and this gives 



almost surely. Combining equations (I3.12p . (13 . 1 3j) . (13. 14j) and (I3.15p . the justification 
of (13. lip is complete. 
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From (13. lip and (I3.9p . we have that, almost surely, 

,N i 



sup \\U 

0<t<T 



2 
HI 



+ E 

\n\<N,n^0 



n(t> r . 



sup 

0<t<T 



a n (t')dB 2 n (t') 



+ sup 

0<t<T 



For each n, the stochastic integrals X nt := f a n (t')dB^(t'), Y n>t := j^b^t^dB^t') 
are continuous martingales. Using Burkholder's inequality, we have 

cT 



f-L 

E( sup \X n>t \) <3E(( / (a n (t)fdty 

^0<t<T ' V Jo 

<3E(( [ ((a n (t)) 2 + (b n (t)f)dty 



and the same inequality holds with Y^j on the left-hand side. This gives 
E( sup \\u N/ 

^ 0<t<T 



< E( sup \\u N 



n0„|E 









ii n u x 

+ 6 E 

|n|<AT,n^0 



< |M|,+ + 6||0||^ [E( 

< ||ti ||i.+C7(r)|H|5 fl + iE( sup ||u A 

Rearranging this expression, 

E( sup \\u N (t)\\ 2 L2 ) <2|K||| 2 +2C(T) ||0||^ 

and (13.31) holds true. The proof of Proposition 13.21 is complete. 



,V2 



N 



{t)f L% dt) 



1/2 



□ 



3.2. Proof of Theorem 11.21 In this subsection we will prove Theorem 11.21 using 
Propositions 13.11 and 13.21 For the proof of Proposition I3.1[ consult the appendix. 



Proof of TheoremUJk Given u G L 2 (T), G HS^^H 1 ) of the form lO]) . for 
every iV > we form the cutoff functions = PjVUo, 0^ = ^n4>- Given 
T > 0, by Proposition 13.11 a unique solution w^t) to (13.21) almost surely ex- 
ists for t G [0,T] and satisfies (13.31) . Hence, the sequence {w^j-AreN is bounded in 
L 2 (0; L°°((0, T); L 2 (T))), and we can extract a subsequence which converges weak-* 
to a limit u G L 2 (fi; L°°((0,T); L 2 (T))) satisfying ([33]). It remains to justify that w 
satisfies (II. 6p on [0, T] almost surely. 
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Letting z N (t) = S(t)uQ, and v N = u N — z N — $> N , then for each N, v N satisfies 
the truncated equation 

v N = J* S(t - t')F N (d x ((z N + v N + <S> N ) 2 ) (0) dt' 

=: T N (v N ). (3.16) 

From the proof of Theorem 11.11 T N is almost surely a contraction on a ball of radius 
1 in X^ 2 £ for any f > satisfying 

2CT £ -(2+ iKHi, + Hx^^ll^i-.) 2 < 1, (3-17) 
for a certain constant C > 0. Let 

:= sup HuWIIig. 

0<t<T 

Then since w satisfies (13.31) on [0, T], we have that D(cu) < oo almost surely. Consider 
T w > satisfying 

2Cf*-(2+\\u \\ Ll +D(u) + ||x[o,t]$|| xS ,i- e ) 2 < 1. (3.18) 



I iVii ^ II n 
\U \\IA < \\Uo\\l2; 



Then for every N > 0, we have 
and 

\\X[0,f^ N \\ x s,^ < \\X[0,T\®\\ x s,h-f 

It follows that f 13 . 1 TP is satisfied almost surely for every N > with T = T U) . Further- 
more, we have T w < T u , where T w is the time of local existence for the full solution 
v coming from the proof of Theorem 11.11 We conclude that T N and T are contrac- 

tions (for every iV > 0) in X^ 2 , where T w satisfies ( 13. 18ft . In particular, a unique 

Q 1 

solution v G X-' 2 to (12.1 ip almost surely exists. Furthermore, for each N > 0, v 

1 us 

and v are the unique fixed points of the contractions T N and T, respectively. Letting 
u = S(t)u + v + then u solves (II. 6p on [0, Tj\ almost surely, and we find 



\\u N - u\\ i_ e = \\S(t)(u» - u ) +v N - V + <f> N - $|| i_ 6 

X - X - 

< \\S{t){u» - «o)|| „,*_. + \\v N - v\\ j_ + 11$^ - $|| 4 _. 

-X ~ X ~ X ~ 

Tuj Tuj T u 

(3.19) 

Examining each term, 

\\s(t)(v$-uo)\\o,i-.^a, 
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by construction. While 
\\$ N - $ 



x ^ 



S(t - t')F> N (<f>)d x dW(l/) 



-+0, 



almost surely, by Proposition I2.4I Lastly, 



\v N -v\ 



r^(/)-rw 



and we find 



< ||r> w ) - r^(^)|| w _ + ||r» -r(«)|| „ 4 _, 



\T N {v N )-T\v)\\ ^<^\\v N -v\\ x0 ^ 



since T is a contraction for each N > 0. Then 



|r»-r»|| 4 . 



S(t - t')F> N ((v + S(t')u + §y)dt 







->o, 



almost surely, by the almost sure finiteness of u in X* 2 . By (EH, we conclude 

that n w — )■ it in X^,' 2 £ , as X — > oo, almost surely. Moreover, (as in the justification 
of almost sure continuous dependence of the local solution on the data, see Section 
[2D Propositions E3l El and O imply that u N -> u in C([0, % '„]• L 2 (T)). We conclude 
that u = u for t G [0,T U ] almost surely. This gives 

(3.20) 



K?L)||i s < sup ||«(t)||£a = 

0<t<T 



almost surely. By ( 13. 18ft we can iterate the argument above on [T U ,2T U ]. Thus, we 
have u = u on [0, T] almost surely, and our proof is complete. □ 



4. Appendix 

In the appendix we cover three topics. First, we present a formal proof of white 
noise invariance for (jl.ip . Second, we prove the bilinear estimate from Section [2] 
(Proposition 12.31) . Lastly, we establish the (almost sure) global existence of solutions 
to the frequency truncated stochastic PDE (13.11) (Proposition 13.11) . 

4.1. Formal invariance of white noise. We begin with the construction of mean 
zero spatial white noise. Let u = Y2 n u n e mx be a real- valued function on T with mean 
zero. That is, we have u = and = u n . First, define on C N = M? N (the 
space of Fourier coefficients) with the density 

dtJL N = Z^e-^^ULidun, (4.1) 
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where Z N is a normalizing constant. Note that /ijv is the induced probability measure 
on under the map 

uj g n .— ► g c", 

where g n (u), n = 1,---,N, are independent standard complex Gaussian random 
variables. Next, the map 

0<|n|<iV 

pushes //jy forward to a probability measure on i?7v = span{e ma: : < \n\ < N}, and 
then to a probability measure on H S (T) by extension. White noise fi on if s (T), for s < 
— |, can be defined as the weak limit of the sequence of truncated measures /x/v; it is 
the probability measure induced by the map uj G f2 i — >■ w = Xln^o 9n(u)e mx G iiP(T), 
where {g n (a;)} n >i are independent standard complex Gaussian random variables, and 

9-n = 9n- 

The stochastic PDE (11. ip preserves white noise // if and only if the solution map 
S t : H S (T) ->■ £P(T), for s < satisfies = /i (in distribution) for each t > 0. 
To be clear, we do not know that the solution map St is well-defined; Theorem 11.11 is 
designed as a progress towards this definition. Instead, consider the frequency trun- 
cated stochastic PDE (13.11) . with solution map S^ : E N — >• E N . In this subsection, 
we establish the following claim. 

Claim 4.1. With = Id, the equation (13.11) preserves the truncated white noise /xjv- 
That is, {S^)*fiff = /ijv (i n distribution) for each t > 0. 

This provides formal evidence that the full stochastic PDE, (II. ip . preserves spatial 
white noise, but the lack of well-defined dynamics for ( ll.ip (in the infinite limit) 
represents an obstruction to the rigorous proof of invariance. 



Proof of Claim \Ji~A , The proof of Claim [4711 is based on a decomposition of (]3.ip into 



the (truncated) KdV equation, plus a rescaled Ornstein-Uhlenbeck process at each 
spatial frequency. That is, (13. ip is given by 



du 



N 



U xx ~ U xxx 



dt + F N d x dW 



+ F N (d x ((u N ) 2 ) 
= -u N xxx dt + F N (d x ((u N ) 2 ) ^)dt + u% x dt + F N d x dW^ . (4.2) 

s v y OU-processes 

truncated KdV 

The truncated KdV equation preserves spatial white noise (in fact, the full KdV 
equation preserves spatial white noise, see [HI HHJ [20]), and an Ornstein-Uhlenbeck 
process leaves the normal distribution invariant. We will combine these facts with 
(1472]) to prove Claim gTU 

The stochastic PDE (13. ip is a system of stochastic differential equations in C^, 
the space of real and complex Fourier coefficients (a n + ib n )o <n <N of the solution u N . 
This system is given by (13. 5 p and (13. 6 p (recall that the negative Fourier coefficients 
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are determined by the preservation of reality: a_ n = a n , b_ n = —b n ). By Proposition 
13.11 the flow map Sf : E N — )■ E N for (13.11) is (almost surely) well-defined for all t > 0. 
Then (13. lj) preserves truncated white noise /ijv (ie. (S^)*[j,n = Hn for all t > 0) if 
and only if the corresponding infinitesimal generator C N : C°°(C ) — > M satisfies 
(£ n )*Hn = 0, which means that j £N C N f{x)d^ N (x) = for all / e C°°(C N ). 

With (14 .2p in mind, the generator C N of the system (13. ip can be written as C N = 
Ci + C2 where 

£f /(oi, ■ • ■ , b N ) = ^2 F N (a u ...,b N )-Vf(a u ...,b N ), 



0<n<N 



and 



>C^/(ai,...,6iv) = Y] -^ 2 (an^ h K— + — ^ + — ^ )f(a 1 , 

Here 

Fjv(ai, . . . , b N ) = (/ii(ai, . . . , 6jv), • • • , h 2 N(ai, 6jv)), 



with 



= {2kfb 2k + Re[(i2k) ( a «i + ib ni)( a 



|m|<JV 

\n 2 \<N 
2k=n\+ri2 

h 2k +i{ai, . ■ ■ ,6jy) = -{2kfa 2k + Im[(i2k) ^ ( a m + *m)( a n 2 + i&nj] > 

|m|<JV 

|n 2 |<iV 
2fc=ni+ri2 

for jfe = 1, . . . , AT. 

Notice that is the generator for the frequency truncated KdV equation 

«f = -u» xx + d x F N ((u N n (4.3) 

The equation f]4. 3[) is a Hamiltonian system in the space of Fourier coefficients, which, 
by Liousville's theorem, preserves the 2iV-dimensional Lebesgue measure Yl n =i 
Furthermore, the flow of f ]4. 3f) leaves the L 2 -norm of u N (t) invariant. By ( 14.1ft . the 
truncated KdV equation (14. 3f) preserves finite-dimensional white noise /ijv- Equiva- 
lently, (£f )*(//jv) = - ie. / £f f(x)d/i N (x) = for all smooth / on C N . 

Next observe that £^ is the generator of an Ornstein-Uhlenbeck process at each 
spatial frequency. That is, £^ is the generator of 2N decoupled stochastic differential 
equations, given by 

da n = (—n 2 a n )dt — ndB^, 

db n = (-n 2 b n )dt + ndBl, (4.4) 
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for n — 1, . . . , N. Again, the negative Fourier coefficients are determined by preserv- 
ing reality. The SDE (I4.4p has an explicit solution, 



Jo 

Considering truncated white noise hn as initial data corresponds to taking a ni0 ,6 n ,o 
i.i.d. A/"(0, ^=). With these initial distributions, for each t > 0, and every 1 < n < N, 

the solutions a n (t) and b n (t) to (I4.4p are i.i.d. A/"(0, ^=). Indeed, from (14. 5 p we have 
that a n (t),b n (t) are independent Gaussian processes with mean zero for each t > 0. 
Then by the Ito isometry, 



and the same computation applies with b n (t). We conclude that truncated white 
noise is invariant under the stochastic process (I4.4p . That is, (C^Y^n = 0. 

We conclude that for every smooth / on C N , f C N f(x)dfiN(x) = 
J f(x)dfi N (x) + f C2 f{x)dix^{x) = 0. That is, (£ N )*fiN = 0, and truncated 
white noise hn is invariant under the flow of (13. ip . for each N > 0. This argument 
does not pass over to the limit as iV — > 00. Nonetheless, we have arrived at a formal 
justification of white noise invariance for ( 11. ip . □ 

4.2. Bilinear estimate. 

Proof of Proposition [Ol By (12. 4p . the estimate ( 12. ip follows from 




(4.5) 




1 

2' 



\\X[0,T](uv) x \\ xS ^i +1 < \\X[0,T\ u \\ x s^-e\\X[0,T\v\\ xat i- e . 

Then since X[o,T}d x (uv) = d x ((x[o,t]u)(X[o,t]v)) , it suffices to show that 
\\d x ((x[o,T]u){x[o,T]v))\\ xSi -i +1 < \\X[o,T]u\\ xS i_ s \\x[o,T]v\\ xa i 



(4.6) 



Letting 



/(n,r) = {n) s (i(T-n 3 )+n 2 }^ £ (xj^)(n,r) 
g(n, t) = (n) s (i(r - n 3 ) + n 2 )^- £ (xf^v)(n, r), 



the estimate (14. 6 p is equivalent to 



(4.7) 
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where 

^ Jt=t 1 +t2 (ni) s (n 2 ) s (cro)2 7 (o"i)2 E (cr 2 )2 e 

n=n\+ri2 

with (Tj = — nf) + n 2 , for % — 1, 2, and <To = i(r — n 3 ) + n 2 . 

We proceed to justify (14. 7p . In the analysis that follows, for a given (n, n>i, n 2 ) G Z, 3 , 
we order the magnitudes of the frequencies |n|, |ni|, |n 2 | from largest to smallest, 
using capital letters and superscripts to denote the corresponding dyadic shell: ie, 
iV 1 > iV 2 > A^ 3 . We begin by performing the following computation, which will 
simplify subsequent estimates. 



Lemma 4.2. If n = n\ + n% and s > —5 — e, th 



en 



\n\(n} s < 14£ 



(ni) s (n 2 } s (nna7i 2 }: 

We will also require the following Calculus inequalities: 

Lemma 4.3. Let < 8\ < 5 2 satisfy 5\ + 5 2 > I, and let aGl, then 

d6 1 



where a = 81 — (1 — 5 2 )+. Recall that (A) + := A j/A > 0, = e > ?/A = 0, and = 
z/A<0. 

Lemma 4.4. Le£ 5 > ~, n 7^ 0, t/ien 



2 • 

1 



(1 + |u — ni(n — 

ni^0,ni^n v iv 1/17 



< c < 00. 

r 00 



Proofs of Lemmas 14.31 and 14.41 can be found in [TT] and |15j . We proceed with the 
proof of Lemma 14.21 

Proof of Lemma \4-S\ We consider two cases depending on the relative sizes of 
n, ni,n 2 . Recall that as n = n\ + n 2 , we always have iV 1 ~ A^ 2 . 

• Case 1: |n| ~ iV 1 . 
Then 

\n\(n) s IN 1 ] 26 



(ni) s (n 2 ) s (nnin 2 )^ e \N 3 \ s+ ^- £ 

< IN 1 ] 

< IN 1 ] 46 . 



< IN^^IN 3 ] 2 " since s > e, 

- 1 1 1 1 - 2 
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• Case 2: \n\ ~ iV 3 , so that |ni| ~ |n 2 | ~ N 1 . 
Then 



(ni) s (n 2 ) s (nnin 2 ) 2 ~ 



N 3 



< 



N 1 
N 3 



A^ 1 



-h+c \N 



l|4s 



|ATl|*+5 



1 



< lA^I 4 ', since s > e. 

- i i , - 2 



This completes the Proof of Lemma 14.21 



□ 



We now turn to the proof of (14.71) . In the estimates that follow, we will take 7 = e 
for simplicity. For i = 0, 1, 2, let 

Ai = {(n,n l ,n 2 ,T,T 1 ,T 2 ) 6 Z 3 x R 3 : max(|cr |, \ai\, \a 2 \) = \<Ji\}, 

and let (3i(f,g) denote the contribution to (3(f,g) coming from A4. We separately 
estimate each g), i — 0, 1, 2. 

• Case 1: max(|er |, \<ji\, \a 2 \) = \a \. 



From the algebraic relation max(|o"o|, | cr 2 1 ) > \nnin 2 \, we have 

|n|(n) s |/(rii,Ta)||^(n 2 ,T 2 )| 



W^)lk. T <|| E / 

=ni + 

E 



m Jt=ti+t2 
n=n\+n,2 



(ni) s (n 2 ) s (nriin 2 )a e (cri)2 e (a- 2 )2 

l^ri/K.rOibK^)! 



1 — 



ni " , r=ri+T2 
n=ni+n 2 



((7i}2 e (cr 2 )' 



(4i 



by Lemma T4.2I We will cancel the factor of liV 1 ! 46 by considering the relative sizes of 
n u n 2 . 

• Case 1(A): |m| ~ JV 1 . 

Then \a\\ > n\ ~ lA^ 1 ) 2 , =>- 7—^; < , An l4 ■ With this inequality, followed by 



Cauchy-Schwarz, we find 



<*i) 2e ~ liv 1 ! 



ii/w,<?)ik, T <|| E / 



l/(^i> r i)||^(n 2 ,r 2 ) 



-dr\ 



n=n\+ri2 



< 



E 



ni * T=T1+T2 

n=ni+n 2 



E 



+r 2 (0"l) 2 3e (0 2 )2 

|/(ni,Ti)| 2 |g(n 2 ,T 2 )| 2 rfri 

(<Ti) 1 - & ((7 2 )l- Jte 



f2 



ni ° T=T 1 +T2 

n=n\+n2 



hi 
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Now observe that 



T=Tl+T2 



cLt\ 



l-2e 



< 



~oo (i{n ~ n T) + niy-^^ir - ti - (n - rii) 3 ) + (n - n^ 2 ) 1 ' 26 

-oo (n - n?} 1 - 8 *^ -Ti - (n-nO 3 ) 1 - 26 

dr i .„ „ 3 



< 



i 



with 6 = T\ — nf, a — t — n + 3nni(n — ni), 



by Lemma [4.31 Letting 



n-L,ni=£0,iii=£n 

For n^Owe can let \i = | ( - — n 2 ) , and find 

1 



(r — n 3 + 3rmi(n — ni)) 1 8e 



< 



(t — n 3 + 3nrii(n — ni)) (// — ni(n — %)) 



This leads to 



sup M n )T = sup ( y 

m t m i- \ ' ■ 



(r — n 3 + 3nni(n — ni)) 1 8£ 



ni^0,ni7^n 



= C < oo, 



(jj, — ni(n — ni)} 1 8e 



(4.9) 



by Lemma 14.41 if e < ^ . 

Returning to the proof of (14. 7p . we pull out sup nT M n T , apply the estimate (14.9 
and find 



\Mf,g)\\Li T < (supilO |( / n)\ 2 \g(n 2 ,r 2 )\ 2 dT 



ni </t=ti+t 2 
n=ni+n 2 



< 



l/(ni,r 1 )| 2 |^(n2,r 2 )| 2 dr] 



ni ^T=T1+T2 

n=ni+n 2 



by Fubini's Theorem. This completes the analysis of Case 1(A). 
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Case 1(B): |n| ~ \n 2 \ ~ iV 1 , |m| ~ N 3 . 
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Then \a 2 \>\N l \ 2 , 



j < — — . With (iS]) this leads to 



, , , < II \ • / \f(ni,ri)\\g(n2,T 2 )\ 

h{j,9)\\Ll , T £ 2^ / / \I- e/ \I-3e 

V Jr=r 1+ T 2 («7i)a £ ((T 2 )2 



E 

ni 

E 



"2 

n=ni+ri2 



|/(wi s n)lb(ri2,T2)| 



K=t 1 +t 2 (cri)a £ (a 2 )^ 

< H/II^JblUju, 



-3e 



dr 9 



by the analysis done in Case 1(A). This completes Case 1. That is, the proof of (14. 7p 
in the region A$ is complete. 

• Case 2: \a\\ = max(|o"o|, |<7i|, |cr 2 |). 

Using duality, we choose to establish the equivalent estimate: 

\\k(g,h)\\ LliTi < \\g\\ LlT \\h\\Llr, ( 4 - 10 ) 



where 



n J T 



\n\(n) s h(n, r)g(n 2 , r 2 ) 



i 



n ^r=ri+r 2 (ril) S (n 2 ) s (cr ) 2 £ (0"l) 2 £ {°2) 
n=ni+n 2 



1 — dr. 



From the algebraic relation max(|cro|, |<7i|, |er 2 |) > |nnin 2 |, and by Lemma \A.2\ we 
have 

\N 1 \^\h{n,T)\\g(n 2 ,r 2 )\ 



\\M,h)\\ 



Li, 



< 



E 



n Jt=ti+T2 
n=ni+«2 



(a )2 £ (cr 2 )^ 



-dr 



Li, 



(4.11) 



Again, we handle the factor of | | 4er by considering the relative sizes of rii, n 2 . 
• Case 2(A): \n\ ~ JV 1 . 



Ita.M>|jV|", ^(^-1^4, 
applying Cauchy-Schwarz, we find 



< . Combining this estimate with (14. lip , and 



Wh{gM\Li liTl < II £ / 

T) ** T 



n r=Ti+r2 
n=ni+n2 



\h(n,T)\\g(n 2 ,T 2 )\ 
K)^ 3£ (a 2 )^ £ 



L 2 



by the analysis done in Case 1(A). 

• Case 2(B): , |m| ~ |n 2 | ~ iV 1 , \n\ ~ N 3 . 
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1 1 2 



Then \a 2 \ > \N 



\M9,h)\\ 



< . Combined with ( 14. lip this leads to 



T2 



< II 



4e 



E 

n 

-nx+i 

E 



\h(n,r)\\g(n 2 ,r 2 )\ 



n=n\+n2 



t=t x +t 2 (cr )2 6 (<T 2 }2~ 



-3fT 



|fr(ra,T)||g(n 2 ,r 2 )| 

'r=ri+T 2 (o- }2 _£ (o- 2 )2" 3£ 

< llgll f2 ti , 



ri2 

n=n\+n,2 



(It 



Li 



J 2 



by the analysis done in Case 1(A). 
• Case 3: \a 2 \ = max(|cro|, \cri\, \& 2 \). 

Observe that we may rewrite ( 14. 7h as 



\W,9)\\ 



L2 < 



f2 O r,2 , 



with 



no J t 



n2 

n=n\+ri2 



|w|(n) s /(n 1 ,T 1 )^(n 2 ,r 2 ) 
(ni) s (n2) s (o-o)2- e (o-i}2 _E (a 2 }2" 



(4.12) 



Justifying (14 ,7p in the region A 2 is therefore equivalent to justifying (14 ,7p in the region 
Ai, and we are done by the analysis in Case 2. This completes Case 3, and the proof 
of Proposition 12.31 

□ 



4.3. Frequency truncated global well-posedness. In this subsection we estab- 
lish Proposition 13.11 

First observe that, for any fixed N > 0, the proof of Theorem II .11 is easily modified 
to produce analogous statements for the truncated system (13.11) . However, for any 
fixed N > 0, Uq G H s {T) and <p N G HS(L 2 , H s+1 ~ 2£ ), for any s,eeR, regardless of 
the conditions placed on Uq, <p. That is, for fixed iV > 0, we can relax the conditions 
placed on uq and <ft before applying (the finite-dimensional modification of) Theorem 
11.11 In this subsection, we will consider uq G H s (T) and <fi G HS(L 2 , H s ), since with 
s < — |, this condition admits = Id, which is the long-term goal of our study. 
Indeed, given uq G H s (T) and G L 2 (L 2 , H s ), by Theorem 11.11 there is a unique 
solution u N (t) to (13. ip for t G [0, T w> jv] where 

T^ N = minjT > : 2CT £ - (||<||^(T) + 2 + U^T^ \\ x ^Sf > l}- (4.13) 

Before we present the proof of Proposition 13.11 we will use ( 13. 9 p to control the 
expectation of higher moments of the L 2 -norm of the solution to (13. 2p . In particular, 
we establish the following lemma. 
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Lemma 4.5. Suppose Q C Q is such that for allu G Q, there exists u N (t), a solution 
to ( 13. 2j) for t G [0, T], with T < T u ,n- Then for all t G [0, T], and any integer p > 0, 



E( sup ||u"(t)||* -xn) <C p ,n, (4.14) 

^ 0<t<T 1 ' 

where C Vt ^ = C(p,T, \\uq\\ L 2, \\cj) N \\ H i) is sufficiently large. 
Proof of Lemma \4 ■ 5[ Since T < T W) jv inside Q, we have 

e( sup \\u N (t)\\%-Xn) <E( sup ||^(tAT^)||f; 



■0<t<T ' y 0<t<T 

To justify (I4.14p . it therefore suffices to prove that for each integer p > 0, we have 



E( sup \\u N (tAT^ N )\\%) <C P , N . (4.15) 

In this proof, we will simultaneously establish the following inequality, which we claim 
holds true almost surely, for every integer p > 0. 

||u*(f)llgll«*(*)ll|i* < C PtN (u) < oo. (4.16) 

The inequality (I4.16P will ensure the finiteness of non-positive terms which will then 
be dropped from our estimates. 

We proceed to prove (14.151) and (I4.16P by induction on integers p > 0. For p — 0, 
(I4.15P is trivial. For (14. 161) with p = 0, we can easily modify the justification of (13.111) 
in subsection 3.1, and omit the details. 

Now suppose that (14.151) and (14. 16[) both hold up to and including some p — 1 > 0. 
From (13.91) and the ltd formula 

dY p = pY^dY + -p{p - \)Y p - 2 {dYf 

we find 

d(\\u N {t)\\%) = P \\u N (t)\\ 2 t l) [( " 2\\u N (t)\\h x + 2||^||^ 
- J2 n ^ [ - an(t)dB 2 n (t) + b n (t)dB*(t)] 

\n\<N,n^0 

+p(p-i)\\u N mT 2) T, n2 ^+ b2 n) dt - 



\n\<N 



For each n, let 



and 



X n y.= [ ^{t'^r^a^dBlit 1 
Jo 

Yn,f.= /'ii^con^MOdBiCO 
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Then we have 



- = / pW^WWT'K ~ 2 \\» N V)\\%i + 211^11^)^ 

•J 

+ P(P-1) f\\u N {t')\\T 2) E nVfX + W)^ 



|n|<JV 

+ p ^ ( X n,t + Y n> t) . 

|n|<7V,n^0 



In particular, we have 



\\u N (tAT^ N )\\% = \\u%\\% + j[ " pll^OHir 1 ^- 2||^(Ollij +2||^||y^ 

+p(p - 1) / ii^oiif " 2) E » 2 #(<s + W)^' 

|n|<iV 

+ P E 7l ^»(^*A2L.,W+^,*AT w ,w)- ( 4 - 17 ) 
|n|<AT,rc^0 

Using (14.161) at the level p — 1, we have that, almost surely, for each i e [0, T], 

*tAT„. N /■TAIL,, a 



\\u N (t>) Hf- 15 n^rff < jf 



< C'p-i.jvCw) < oo. (4.18) 

Given (14.181) . we can almost surely drop the second term on the right-hand side of 
(14.17p . That is, almost surely, 

\\u N {t AT^, N )\\% < 11^11^+2^110^11^ / W^WWlt^dt' 

^x ^x I ^x 

J 

+ P(P ~ 1) / \W N (t')\\T 2) E + WW 

Jo x ,.Tr Ar 



\n\<N 

+ P E n ^n(X n ^T UtN +Y n) tAT u , N ) 
\n\<N 

/■tAT^.jv 

< 11^115 + 2^11^ / iiu^oii^df 

Jo 

+ p(p-l)U N \\ 2 m / W^WWlt^dt' 
Jo 

+ P E n ^n{X n ^ Tui , n + Y n,tAT u , N ) 
\n\<N 



WELL-POSEDNESS OF THE STOCHASTIC KDV-BURGERS EQUATION 

This gives 
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sup \\u N (tAT^ N )\\%<\\u4%+C(pX)H N \\ 2 m( sup II^AT^lgr^) 

+ V W4>n\[ SUp |X n I + sup |y„ 

*""* v 0<t<T 0<t<T 7 

(4.19) 



|n|<W,n^0 



The stochastic integrals X„ jM ^ ^ and Y nttA T u N are continuous martingales. Letting 

[X n ] t = J * ||w JV (i')lli,2' l \ a n{t')) 2 dt' denote the quadratic variation of X n>( , we apply 
Burkholder's inequality to find, for each n, that 



E( sup \X nMTujN 

v 0<t<T 



) <3E(([X n ] TAT ^ JV ) 1 



= 3E 



< 3E( ( sup \\u 



0<t<TA7L 



N (t)\\lt 1] y( I Mt)?dty) 



10 

"TAX 



= 3E(( sup \\u N {t)\\ 2 $- l) ){ (a n (t)Ydt)A 

V 0<t<TAT w>JV Jo 7 

<3E(( sup H^WII^) 

/■TAT Wj jv ! 
( jf (K(t)) 2 +(6n(t)) 2 )^)^) 

and the same inequality holds with F Tt t on the left-hand side. This gives 



E 



^ |n0 n | sup |X n 



|n|<iV 



0<t<T 



\n\<N 



\n\<N 



( sup |// 

0<t<TAT^,N 



A7 + M|2(p-lh 
LI 



= 3E 



|n|<JV 



< SH^H^E 

< ZT\\<f> N \\HiE 



\n(f) n \E( sup \X nt t\) 

' — ' V ft<t<T ' 

)( / {{a n (t')f + {b n {t')f)dt'Y 

Jo 

((a n (t')) 2 + {b n {t')) 2 )dt'Y 

JO 

( sup \\u N (t)\\ 2 L r i] ) / \\u N {t')\\ Ll dt' 



^H n |( su P ^ w^mT^i 



0<t<TAT^,N 



( sup \\u N (t)\\T V) ){ sup H^WIU,) 

0<t<TAT„ jJV 21 0<t<TAT„ iA r 
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where we have applied Cauchy-Schwarz in the second last line. We can rearrange the 
supremum to obtain, 



E 



2j |n0 n | sup \X n)t 



\n\<N 



0<t<T 



< 3T\\<f> N \\ A iE( sup 



\w 



0<t<TAT u N 



N(+\\\2p-l 

LI 



3T||^||^e( sup \\u N (tAT„, N )\\%r l ) 

^ 0<t<T x ' 



3T\\^\\h^ 



( sup llti^AT^)!!^)^ sup ||«"(tAT Ut *)||g) 5 



0<t<T 



0<t<T 



E( sup II-'/ 

0<t<TAT WiJV 



e( sup \\u N {tfKT UtN )\$T x) 

^ 0<t<T 

< C{T) U N \\\M sup \\u N (tAT^ N )\\ 2 L t 1] )+lE( sup \\u N (tAT UtN )\\% 

(4.20) 



where we have applied Cauchy-Schwarz in the second last line. Combining (14.191) 
with P~gOJ) we find 



11 2O-1) 

U,N)\\ L 2 



e( sup \\u N (tAT U)N )\\%) < \\uU%+C{p,T)U N f m E( sup ll^tAT, 

+ sup \\u N (tAT L 
2 V o<t<T 

Upon rearrangement, we conclude that 

E( sup \\u N (tAT UtN )\\%) <2\\u^\\f 2 +C(p,T)\\<f ) N \\ 2 H1 E( sup \\u N (t A T U , N )\\$ 

\0<t<T ' x ' x V <t<T 

Applying our hypothesis, that (I4.15P holds up to p — 1, 

E( sup \\u N (tAT UtN )\\%) <2\\u^\\l 2 +C(p,T)U N \\ 2 Hl C p . 1 . 

\ 0<KT x ' 



2(P-1) 



by taking C Pj tv = C(p,T, \\uq\\ L 2, W^Wh 1 ) sufficiently large. Thus (I4.15P holds at the 
level p. In particular, since p > 1, we know that (14.151) holds at the level p = 1. 
It remains to establish (I4.16p at the level p. We find 



TAT, 



V/.\||2p 11 TV 



£2 



iidt < 



sup Hu^llig 

0<t<TAT„ iJV 



TAT,., 



SUp ||M W (t AT WiA r)||i 2 
0<t<T 

< C{u) < 00, 



TAT, 



U 



Nf.\ ||2(p-l) n N 



LI 



U 



Left 
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almost surely, by (I4.16P at the level p — 1, and (14.151) holds at the level p = 1. Thus 
(I4.15P and (I4.16P both hold for each p > 0. In particular, (I4.14p holds for each p > 
and the proof of Lemma [4.51 is complete. 

□ 

Proof of Proposition ^ . 1\ Let T > 0. We first claim that for all a > 0, 3 Q a C Q such 
that P(£l%) < cr and for all uj G Q a a unique solution of (13. ip exists for t G [0, T]. 
For any < 5 < T, we split [0,T] into M ~ j subintervals. Let 

Qo = n^jllxp-D^] f S(t - t')cj> N d x dW(t')\\ i_ e < l\. 

( J(k-l)5 J 

By Chebyshev and Proposition 12.41 we have 

M r t 

P(n c Q ) < J2p(\\x[(k~i)6,ks\ / s(t- 0^*^(011 w-« > l) 

V J(k-l)S 7 



k=l 



(k-l)6 



fe=l 

fc=l 

L 2 

< W - < 



L 2 



r i-2e ^ 

L 2 " 2' 

[JV I 



for L(a,T, \\(f> \\ H i-2 S ) sufficiently large, independent of 5. Let B,R > be positive 
constants to be determined later on. Depending on our choice of R, we will select 
B = B(R, H^Hl 2 ) sufficiently large such that BR > \\uq\\ L 2. Then if u G VLq, we 
have 



\u*\\v<BR and \\ X[ o,s] [ S(t - t')<f> N d x dW(t')\\ i < /,. 

Jo 



By Theorem 1 1 . 1 1 1 here exists a unique solution u N (t) to (13 .ip for t G [0,5], where we 
can take 

T w > 5 > — > — . (4.21) 

Now for each t G [0,5], /(£) := xq • H^^Ct) is Tt- measurable. In particular, the 
set 

fti = {w G fi : II^WH^ < = fi n {/(f) < 5/?} G JF T . 

Moreover, for w 6 Hi, the same arguments extend the solution u N (t) to [5,25]. 
Repeating this procedure, on the set 

n n = {u G ft n -i : ||M W (n5)|| L 2 < G Jt, 
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the solution u N (t) exists for t G [0, nS\. Taking m ~ j, for each uj G Q m , the solution 
u N (t) to ([311]) exists for t G [0,T]. 

Next observe that, for each 1 < k < m, k5 — (k — 1)5 = 5 < T^^n, and we can 
apply Lemma [4.51 on the time interval [(k — 1)5, k5], with Q = Q^, to conclude that 

E( sup \\u N (t)\\%- X n k ) <C P , N , (4.22) 

V {k-l)S<t<kS x 7 

where C Ih N = C{T, \\uq\\l2, W^Wh 1 ) is sufficiently large. Then by Chebyshev and 
(14. 22 p . we have that for each 1 < k < m, 

p(n*_ a n Ql) = p(p k -i n {\Hk5)\\ L 2 > br}~) 

^ E(\\u(k8)\\% ■ X n k S 



< 



(BR)p 



(BR) 



2p 



S (4 - 23) 

by taking R = (C p ' N )^p , where p has yet to be selected. 

Now we find, from the nesting Q D D • • • Q m , and (14.231) . that 



P(^)<p(ng) + £p(n w nfi 



fe=i 

m 



(7 



v 1 

- 2 

fc=l 
(7 m 



2 5 2 p 
(7 T 1 

< 77 + 2- 



2 (JB 2 ? 

a T(BR + L)& + , „ k 

= 2 +2 C B» by ™> 

< <r, (4.24) 

by selecting p = p(e) sufficiently large, and B = B(R, L, T, a) sufficiently large. 

Given T > 0, o > 0, let Q a := fl m , with m as above. With (14.241) and the 
arguments above, we have established the existence of set Q a G Tt with < a, 

such that for all cu G fl^, there is a unique solution u N (t) to ( 13. 1ft on [0, T]. 

Taking p = U^fii, we have P(p c ) < P(n\) < ± for every n, and therefore 

-P(p) = 1. Furthermore, if u G p, then w G f2i for some n G N, and there is a unique 
solution u N (t) to (13. ip on [0,T]. The proof of Proposition 13.11 is complete. 

□ 
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